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Abstract
The parity transformation law of the fermion field ψ(x) is usually defined
by the ”γ0-parity” ψp(t,−~x) = γ0ψ(t,−~x), while the ”iγ0-parity” ψp(t,−~x) =
iγ0ψ(t,−~x) is required for the Majorana fermion in the Majorana repre-
sentation since the reality condition ψ(x) = ψ⋆(x) is not maintained by
ψp(t,−~x) = γ0ψ(t,−~x) with purely imaginary γ0. The equivalence of these
two transformation laws is not obvious in fermion number violating theories.
By characterizing Majorana fermions constructed from chiral fermions by the
CP symmetry, it is shown that either choice of the parity operation, γ0 or
iγ0, in the level of the basic fermions in Weinberg’s model of neutrinos in an
extension of the Standard Model gives rise to the consistent and physically
equivalent descriptions of emergent Majorana neutrinos.
1 Introduction
The parity symmetry, which is a disconnected component of the Lorentz transfor-
mation, is defined for the Dirac fermion with real m
S =
∫
d4xψ(x)[iγµ∂µ −m]ψ(x) (1)
by the substitution rule [1]
ψ(x)→ γ0ψ(t,−~x) = ψp(t,−~x), ψp(t,−~x)→ ψ(x) (2)
which is the symmetry of (1). The above parity symmetry P is understood physically
as the mirror symmetry, and thus good parity implies left-right symmetry. The
charge conjugation symmetry of the Dirac fermion is defined by the representation
theory of the Clifford algebra using C = iγ2γ0 in the convention of [1] by
ψ(x)→ Cψ(x)T = ψc(x), ψc(x)→ Cψc(x) = ψ(x) (3)
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which is the symmetry of the action (1). The combination of C and P then gives
ψ(x)→ ψcp(t,−~x) ≡ (ψc)p(t,−~x) = Cγ0ψ(t,−~x) = −γ0ψc(t,−~x),
ψ(x)→ ψpc(t,−~x) ≡ (ψp)c(t,−~x) = γ0Cψ(t,−~x) = γ0ψc(t,−~x) (4)
which is also the symmetry of the action (1). As for the ordering of the operation, we
have Cψ(x)C† = Cψ(x)T and Pψ(x)P† = γ0ψ(t,−~x) in a formal operator notation,
and thus
PCψ(x)C†P† = PCψ(x)TP† = Cγ0ψ(t,−~x)T = −γ0ψc(t,−~x) = ψcp(t,−~x),
CPψ(x)P†C† = Cγ0ψ(t,−~x)C† = γ0Cψ(t,−~x)T = γ0ψc(t,−~x) = ψpc(t,−~x).(5)
This rule shows that the order of C and P is important when one considers CP,
although the action S =
∫
d4L which is bilinear in the fermion field is invariant for
either way of the combination of C and P if it is invariant for one of the orders.
As is well-known, the intrinsic parity of the Dirac fermion ψp(t,−~x) = γ0ψ(t,−~x)
and the intrinsic parity of its antifermion (ψc)p(t,−~x) = −γ0ψc(t,−~x) have opposite
signatures and it is physically important to define the parity of a composite boson
such as the charmonium.
On the other hand, the original Majorana fermion is defined by the same action
as (1) but with purely imaginary Dirac gamma matrices γµ [2]. Then the Dirac
equation
[iγµ∂µ −m]ψ(x) = 0 (6)
is a real differential equation, and one can impose the reality condition on the
solution
ψ(x)⋆ = ψ(x) (7)
which implies the self-conjugate under the charge conjugation 1. The conventional
parity transformation ψ(x) → ψp(t,−~x) = γ0ψ(t,−~x) cannot maintain the reality
condition (7) for the purely imaginary γ0. Thus the “iγ0-parity”
ψ(x)→ ψp(t,−~x) = iγ0ψ(t,−~x) (8)
is chosen as a natural parity transformation rule for the Majorana fermion [2, 3].
1The pure imaginary condition ψ⋆(x) = −ψ(x) is also allowed, but we take (7) as the primary
definition in the present paper.
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In the generic representation of the Dirac matrices [1], the “iγ0-parity” satisfies
the condition
iγ0ψ(t,−~x) = Ciγ0ψ(t,−~x)T (9)
for the field which satisfies the classical Majorana condition
ψ(x) = Cψ(x)
T
(10)
and thus iγ0-parity is a natural choice of the parity for the Majorana fermion in
this generic representation also. The choice ψp(t,−~x) = −iγ0ψ(t,−~x) also satisfies
the condition (9), but we choose the convention ψp(t,−~x) = iγ0ψ(t,−~x) in (8) as a
primary definition. For consistency, we assign the iγ0-parity convention to charged
leptons also when we assign iγ0-parity to neutrinos, although this extra phase is
cancelled in the lepton number conserving terms in the charged lepton sector. See
[4] for the phase freedom of parity operation.
The combination of C and P for the Majorana fermion then becomes
ψ(x)→ ψcp(t,−~x) = Cψp(t,−~x) = Ciγ0ψ(t,−~x) = iγ0ψc(t,−~x),
ψ(x)→ ψpc(t,−~x) = iγ0Cψ(t,−~x) = iγ0ψc(t,−~x) (11)
which is also the symmetry of the action (1). In the present case, CP operation does
not depend on the ordering of C and P. Also, the parity ψp(t,−~x) = iγ0ψ(t,−~x) of a
fermion and the parity of an antifermion ψcp(t,−~x) = iγ0ψc(t,−~x) have symmetric
forms, which is natural since we do not distinguish the particle and its antiparticle
in the case of the Majorana fermion.
These two choices of parity, γ0 and iγ0, are equivalent for the Dirac fermion with
the fermion number U(1) freedom since iγ0 is regarded as a composition of γ0 and
U(1) transformations, but their physical equivalence in theories with fermion number
non-conservation is not obvious. One may rather suspect that the common γ0-parity
is inconsistent in theories where the Majorana fermion appears. In the following sec-
tions, we are going to show that these two different choices of the parity, γ0 and iγ0,
give the physically equivalent descriptions of Majorana neutrinos using Weinberg’s
model [5] in an extension of the Standard Model. Namely, we show that the differ-
ent definitions of parity in the level of fundamental fermions in Weinberg’s model
lead to the consistent and physically equivalent descriptions of emergent Majorana
neutrinos using the CP symmetry to characterize Majorana neutrinos. It appears
that the conventional γ0-parity is often used in the phenomenological analyses of
the models with Majorana neutrinos [6], while theoretically the use of iγ0-parity is
natural. An explicit demonstration of the physical equivalence of the two different
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definitions of parity in the analysis of Majorana neutrinos in an extension of SM
and the explanation of its basic mechanism will thus be practically useful.
Technically, we employ the characterization of Majorana fermions constructed
from chiral fermions by the CP symmetry as a basic means to discuss this issue.
The characterization of the Majorana fermion such as ψ(x) = νL(x) + CνL
T (x) by
the CP symmetry has been suggested in [7] since this field has no symmetry under P
nor C but can have a good symmetry under the CP symmetry, as will be discussed
later. In this sense, our characterization of the Majorana neutrino in an extension of
the Standard Model by the CP symmetry is very close to the characterization of the
Weyl neutrino by the CP symmetry in SM. It should be noted that our use of the
CP symmetry for the Majorana fermion, which is constructed from chiral fermions,
is very different from the proposal of the use of CP or ultimately CPT symmetries in
the definition of general Majorana neutrinos by taking into account of the possible
symmetry breaking by weak interactions, as was discussed, for example, in [8].
2 Weinberg’s model of massive Majorana neutri-
nos
Weinberg’s model of massive Majorana neutrinos in an extension of the Standard
Model is defined in terms of chiral fermions [5]. It is known that Weinberg’s model of
Majorana neutrinos represent the essential aspects of the general models of Majorana
neutrinos such as the seesaw models [6, 9, 10, 11]. We are going to compare the
emergent Majorana neutrinos when we use the two different definitions of parity
operation for fundamental fermions in Weinberg’s model.
2.1 The iγ0-parity
We define the charge conjugation and parity operations of chiral fermions by the
chiral projection of the transformation rules of the Dirac fermion using the operator
notation
CνL(x)C† = CνR(x)T , CνR(x)C† = CνL(x)T ,
PνL(x)P† = iγ0νR(t,−~x), PνR(x)P† = iγ0νL(t,−~x),
(PC)νL(x)(PC)† = iγ0CνL(t,−~x)T , (PC)νR(x)(PC)† = iγ0CνR(t,−~x)T(12)
where we adopt the iγ0-parity Pν(x)P† = iγ0ν(t,−~x) for a Dirac fermion with
νR,L(x) = (
1± γ5
2
)ν(x). (13)
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The relations (12) fix the notational convention of transformation laws of chiral
fermions. We are not assuming that the actual massive neutrinos are Dirac fermions,
although we use the notations νL,R(x) for simplicity. These rules extracted from the
Dirac fermion are mathematically consistent and the symmetries of the action
S =
∫
d4{νL(x)iγµ∂µνL(x) + νR(x)iγµ∂µνR(x)
−mνL(x)νR(x)−mνR(x)νL(x)}. (14)
Physically, parity is defined as the mirror symmetry and one can check if the given
Lagrangian is parity preserving or not using these rules. Good P naturally implies
left-right symmetry, and P is represented in the form of a doublet representation
{νR(x), νL(x)}. The doublet representation of the charge conjugation C in (12) is
related to the absence of the Majorana-Weyl fermion in d = 4 dimensions, which
is a consequence of the representation theory of the Clifford algebra; intuitively,
the absence of the Majorana-Weyl fermion is related to the fact that the charge
conjugation inevitably changes the signature of γ5 in d = 4, namely, γ5 → −γ5
and thus νL,R(x) → CνR,L(x)T as in the first line of (12). If one uses the charge
conjugation operation other than (12), one would have a potential danger of spoiling
the condition of the absence of Majorana-Weyl fermions in d = 4 [7]. The definitions
of C and P transformation rules of chiral fermions (12) are highly unique in this
sense.
Weinberg’s model of Majorana neutrinos is defined by an effective hermitian
Lagrangian [5]
L = νL(x)i 6∂νL(x)− (1/2){νTL (x)CmLνL(x) + h.c.} (15)
with an arbitrary 3 × 3 symmetric complex mass matrix mL; mL is symmetric
because of the symmetry properties of the matrix C and fermion fields νL(x). This
Lagrangian contains only the left-handed chiral components and is not invariant
under C nor P in (12). Under the CP transformation in (12), the action defined by
L (15) is transformed as
∫
d4xL →
∫
d4x{νL(x)i 6∂νL(x)− (1/2)[νTL (x)Cm†LνL(x) + h.c.]} (16)
and thus CP is broken if the symmetric mass matrix is not real m†L 6= mL.
After the diagonalization of the symmetric complex mass matrix by the 3 × 3
Autonne-Takagi factorization using a unitary U [12, 13]
UTmLU = M (17)
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with a real 3× 3 diagonal matrix M , we define
νL(x) = Uν˜L(x) (18)
and thus transfer the possible CP breaking contained in U to the PMNS mixing
matrix which contains a mixing matrix coming from the charged lepton sector also
in an extension of the Standard Model. We then have a hermitian Lagrangian
(suppressing the tilde-symbol of ν˜L(x))
L = νL(x)i 6∂νL(x)− (1/2){νTL (x)CMνL(x) + h.c.}
= (1/2){ψ(x)i 6∂ψ(x)− ψ(x)Mψ(x)} (19)
where we defined
ψ(x) ≡ νL(x) + CνLT (x). (20)
The field ψ(x) satisfies the classical Majorana condition identically regardless of the
choice of νL(x)
ψ(x) = Cψ(x)
T
. (21)
In the present approach where the charge conjugation C is not necessarily a good
symmetry, we define the Majorana fermion by (21). This condition, which is fixed by
the analysis of the Clifford algebra, is referred to as the classical Majorana condition
in the present paper.
The transformation (18) belongs to a canonical transformation which preserves
the form of the kinetic term in the Lagrangian and thus preserves the canonical anti-
commutation relations [14, 15, 16]. The well-known Kobayashi-Maskawa analysis is
also an example of the use of the canonical transformation [17]. In the canonical
transformation, we apply the transformation rules of discrete symmetries in (12)
to the new variables every time after the canonical transformation. We apply the
discrete symmetries in (12) to the old variables also. Thus the discrete symmetries
applied to the old variables do not generate the discrete symmetries of the new vari-
ables in general [16]. This procedure is the same as in the Kobayashi-Maskawa anal-
ysis. The Lagrangian in (19), which contains only the left-handed chiral fermions, is
thus not invariant under C nor P but invariant under the CP transformation since
M is real and diagonal.
In the present case (19), C and P are thus not specified for the field νL, but CP
symmetry, (PC)νL(x)(PC)† = iγ0CνL(t,−~x)T , in (12) is well-defined. The chiral
fermion νL(x) appearing in ψ(x), of which mass term (the dimension 5 operator) is
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generated by a renormalization group flow starting with the massless Weyl fermion
in an extension of the Standard Model [5], for example, has well-defined CP after
the mass diagonalization just as the starting massless Weyl fermion in SM.
We thus naturally characterize the Majorana fermion (20) by the CP symmetry
(PC)[νL(x) + CνLT (x)](PC)† = iγ0[CνLT (t,−~x) + νL(t,−~x)], (22)
namely,
(PC)ψ(x)(PC)† = iγ0Cψ(t,−~x)T = iγ0ψ(t,−~x). (23)
The first equality in (23) implies the operator relation while the second equality
in (23) implies the classical Majorana condition (21) which holds identically in the
sense that (21) holds irrespective of the choice of νL(x). Note that the CP relation
ψ(x) → iγ0ψ(t,−~x) in (23), which is an exact symmetry of (19), preserves the
classical Majorana identity (21)
iγ0ψ(t,−~x) = Ciγ0ψ(t,−~x)T , (24)
namely, the CP transformation and the classical Majorana condition are consistent.
This is an analogue of (7) and (8).
The chiral component νL(x) of ψ(x) describes the weak interaction in an exten-
sion of the Standard Model∫
d4x[(g/
√
2)l¯L(x)γ
µWµ(x)UPMNSνL(x) + h.c.] (25)
perfectly well, since the conventional C and P are broken in the parity-violating
weak interaction and thus the specification of C and P for νL(x) in (25) is not
required, analogously to the Weyl neutrino in SM. In the present formulation, we
use the transformation rules of C, P and CP in (12) for the chiral components of
both charged leptons and neutrinos in a uniform manner, although some of them
are broken. We recall that iγ0-parity rules are applied to charged leptons also.
The CP symmetry breaking is described by the PMNS matrix UPMNS when
combined with the CP symmetry properties of the charged lepton lL(x) and the
chiral component νL(x) of the neutrino in (25). The absence of the U(1) phase
freedom of νL(x) in (19), namely, the lepton number non-conservation, is important
to count an increase in the number of possible CP violating phases in UPMNS; for
example, a model with two generations of leptons can have CP violation [18]. The
entire weak interaction is thus described by the chiral component νL(x) using its
CP property. The Majorana neutrinos characterized by the CP symmetry retain
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certain information of their original chiral contents; for example, the parity by itself
is not specified in the present characterization of Majorana neutrinos (the parity is
not specified but the CP-parity is specified). The fact that the neutrino is a chiral
projection of a Majorana fermion is assured by νL(x) = [(1 − γ5)/2]ψ(x) and (23)
which contains the classical identity (21).
If one wishes to define the parity and charge conjugation operators valid for the
Majorana neutrinos in the present formulation, it is possible to define a deformed
symmetry generated by [16, 7]
CM = 1, PM = PC (26)
which is the good symmetry of (19), and the Majorana field ψ(x) is transformed as
CMψ(x)C†M = ψ(x), PMψ(x)P†M = iγ0ψ(t,−~x). (27)
The non-trivial part of this deformation is the CP symmetry and, in this sense, this
deformation is essentially equivalent to the formulation of the Majorana neutrinos
with the CP symmetry described above. The classical Majorana condition ψ(x) =
Cψ(x)
T
, that determines whether a given fermion is a Majorana fermion or not,
carries the same physical information as the trivial operation CMψ(x)C†M = ψ(x)
applied to the fermion ψ(x) which is assumed to be a Majorana fermion ψ(x) =
Cψ(x)
T
.
The formulation (27) leads to a formal enhancement of discrete symmetries in
(19) by assigning C and P to the chiral component νL(x) = (
1−γ5
2
)ψ(x),
CMνL(x)C†M = νL(x) = CνRT (x),
PMνL(x)P†M = iγ0CνL(t,−~x)
T
= iγ0νR(t,−~x) (28)
where we defined νR(x) ≡ (1+γ52 )ψ(x) = CνLT (x), and
CMνR(x)C†M = CνLT (x), PMνR(x)P†M = iγ0νL(t,−~x). (29)
These transformation rules are mathematically consistent and imply perfect left-
right symmetry expected for a Majorana fermion ψ = νL + νR.
These rules (28) and (29) may be compared to the rules in (12). The physical
degrees of freedom of a Majorana fermion ψ = νL+ νR are the same as either a left-
handed chiral fermion or a right-handed chiral fermion but not both, contrary to
the case of a Dirac fermion in (12) where the left- and right-handed components are
independent. If one measures the left-handed projection of the Majorana fermion ψ,
for example, one obtains the chiral freedom νL and simultaneously the information
of νR also.
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2.2 The γ0-parity
We now examine the same Weinberg’s model using the γ0-parity operation of chiral
fermions defined by the chiral projection of the transformation rules of the Dirac
fermion, which are written in the operator notation
CνL(x)C† = CνR(x)T , CνR(x)C† = CνL(x)T ,
PνL(x)P† = γ0νR(t,−~x), PνR(x)P† = γ0νL(t,−~x),
(PC)νL(x)(PC)† = −γ0CνL(t,−~x)T , (PC)νR(x)(PC)† = −γ0CνR(t,−~x)T(30)
where
νR,L(x) = (
1± γ5
2
)ν(x) (31)
instead of (12). Note the appearance of the minus sign in the last two relations in
(30), namely, we adopt the convention of ψcp(t,−~x) in (4). These rules extracted
from the Dirac fermion are mathematically consistent and the symmetries of the
action (14).
Physically, parity is defined as the mirror symmetry. Good P naturally implies
left-right symmetry, and P is represented in the form of a doublet representation
{νR(x), νL(x)}. The doublet representation of the charge conjugation C in (30) is
the same as the charge conjugation C in (12) and it is related to the absence of the
Majorana-Weyl fermion in d = 4 [7].
Weinberg’s model of Majorana neutrinos is defined by the same effective hermi-
tian Lagrangian as (19)
L = νL(x)i 6∂νL(x)− (1/2){νTL (x)CmLνL(x) + νL(x)Cm†LνL(x)
T} (32)
with an arbitrary 3× 3 symmetric complex mass matrix mL. We want to show that
the same form of the starting Lagrangian when analyzed with the γ0-parity leads to
the logically consistent and physically equivalent predictions as with the iγ0-parity.
This Lagrangian (32) contains only the left-handed chiral components and is not
invariant under C nor P in (30). Under the CP transformation in (30), the action
defined by L (32) is transformed to
∫
d4x{νL(x)i 6∂νL(x)− (1/2)[−νTL (x)Cm†LνL(x)− νL(x)CmLνL(x)
T
]} (33)
and thus CP is broken if the condition
m†L = −mL (34)
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is not satisfied by the symmetric mass matrix. After the diagonalization of the
symmetric complex mass matrix by the 3× 3 Autonne-Takagi factorization using a
unitary U ′ [12, 13]
(U ′)TmLU
′ = iM (35)
with a real 3× 3 diagonal real matrix M , we define
νL(x) = U
′ν˜L(x). (36)
Note that the unitary U ′ in (35) is related to U in (17) by
U ′ = Ueiπ/4 (37)
for a given mL.
We then have a hermitian Lagrangian (suppressing the tilde-symbol of ν˜L(x))
L = νL(x)i 6∂νL(x)− (i/2){νTL (x)CMνL(x)− νL(x)CMνL(x)
T}
= (1/2){ψ(x)i 6∂ψ(x)− ψ(x)Mψ(x)} (38)
where we defined
ψ(x) ≡ eiπ/4νL(x) + e−iπ/4CνLT (x). (39)
The hermitian Lagrangian (38) is invariant under CP in (30) since M is a real sym-
metric matrix, and the effects of possible CP breaking contained in U ′ are trans-
ferred to the PMNS mixing matrix which contains a mixing matrix coming from the
charged lepton sector also in an extension of the Standard Model. The field ψ(x) in
(39) satisfies the classical Majorana condition identically regardless of the choice of
νL(x) in the sense
Cψ(x)
T
= ψ(x). (40)
The transformation (36) belongs to a canonical transformation which preserves
the form of the kinetic term in the Lagrangian and thus preserves the canonical
anti-commutation relations. In the canonical transformation, we apply the trans-
formation rules of discrete symmetries in (30) to the new variables every time after
the canonical transformation [14, 15, 16]. The hermitian Lagrangian (38) is thus
not invariant under C nor P in (30) but invariant under the CP transformation
since M is real and symmetric, as we have already noted above. In the present
case (38), C and P in (30) are not assigned to the field νL, but CP symmetry
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(PC)νL(x)(PC)† = −γ0CνL(t,−~x)T in (30) is well-defined. We thus naturally char-
acterize the Majorana fermion (39) by the CP symmetry
(PC)(eiπ/4νL(x) + e−iπ/4CνLT (x))(PC)†
= −iγ0[e−iπ/4CνLT (t,−~x) + eiπ/4νL(t,−~x)], (41)
namely,
(PC)ψ(x)(PC)† = −iγ0Cψ(t,−~x)T = −iγ0ψ(t,−~x). (42)
The first equality in (42) implies the operator relation while the second equality
in (42) implies the classical Majorana condition (40) which holds identically in the
sense that (40) holds irrespective of the choice of νL(x).
Note that the operator relation in (42) has a signature opposite to the rela-
tion (PC)ψ(x)(PC)† = iγ0ψ(t,−~x) in (23), but it preserves the classical Majorana
identity (40)
−iγ0ψ(t,−~x) = C−iγ0ψ(t,−~x)T (43)
after the CP transformation. The CP symmetry and the classical Majorana condi-
tion are consistent. When one defines the fermions ψ(x) in terms of chiral fermions,
which satisfy the classical Majorana condition ψ(x) = Cψ(x)
T
identically, and if the
action for the chiral fermions which determine Majorana fermions is invariant under
the CP symmetry as in (19) and (38), the consistency condition is always satisfied:
Namely, the CP transform of Majorana fermions ψ(x) satisfy the classical Majorana
condition in the form either (24) or (43).
The chiral component of the neutrino νL(x) describes the weak interaction in
an extension of the Standard Model, which was originally defined in terms of the
left-handed gauge eigenstates before the diagonalization of the neutrino masses,∫
d4x[(g/
√
2)l¯L(x)γ
µWµ(x)U
′
PMNSνL(x) + h.c.]
=
∫
d4x[(g/
√
2)l¯L(x)γ
µWµ(x)UPMNS νˆL(x) + h.c.] (44)
where we introduced an auxiliary chiral variable defined by
νˆL(x) ≡ eiπ/4νL(x) (45)
for which the Majorana neutrino (39) is written as
ψ(x) = νˆL(x) + CνˆL
T
(x) (46)
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and many equations below are simplified. The weak mixing matrix U ′PMNS is de-
fined by U ′ in (37) and thus U ′PMNS = UPMNSe
iπ/4 which leads to U ′PMNSνL(x) =
UPMNS νˆL(x) in (44). The mixing matrix UPMNS is defined in (25). The C and
P symmetries are not defined for νˆL(x) without the right-handed components, but
these symmetries are broken in the chiral weak interactions and thus need not be
specified.
The CP transformation law is
νˆL(x) =
(1− γ5)
2
ψ(x)→ (1− γ5)
2
(−iγ0)ψ(t,−~x) = −iγ0CνˆLT (t,−~x) (47)
which contains an extra U(1) phase i = eiπ/2 compared to the CP transformation law
of νL(x) in (30). This CP transformation law is also directly obtained from νL(x)→
−γ0CνL(t,−~x) in (30) and the definition νL(x) = e−iπ/4νˆL(x). In accord with the
transformation (47), it is convenient to formally assign the CP transformation law
to the charged lepton
lL(x)→ −iγ0ClLT (t,−~x) (48)
instead of the original lL(x)→ −γ0ClLT (t,−~x) in the analysis of CP breaking using
the pair of fields {lL(x), νˆL(x)}. This formal replacement of CP law for the charged
lepton does not change the CP analysis by (44), since the fermion number preserving
charged-lepton sector after the mass diagonalization is invariant even when the extra
overall U(1) phase i is added to the transformation law. Also, (44) is invariant under
the CP laws thus defined if one sets UPMNS = 1, and thus the modified CP laws are
consistent to analyze the CP breaking induced by UPMNS.
In this setting, the analysis of CP symmetry breaking is the same as the CP
analysis with iγ0-parity (25) except for the replacement iγ0 → −iγ0 in the CP
transformation laws, which does not change physics. The absence of the fermion
number symmetry in the neutrino sector (38) accounts for the possible increase of
the CP violating phases for the Majorana neutrinos [18].
Alternatively, one may consider the replacement in (44)
∫
d4x[(g/
√
2)l¯L(x)γ
µWµ(x)U
′
PMNSνL(x) + h.c.]
→
∫
d4x[(g/
√
2)l¯L(x)γ
µWµ(x)UPMNSνL(x) + h.c.]. (49)
The chiral fermion νL(x) together with U
′
PMNS = UPMNSe
iπ/4 describe weak inter-
actions. But the overall U(1) phase eiπ/4 in U ′PMNS is absorbed in the re-definition
of the charged lepton fields, l¯L(x)e
iπ/4 → l¯L(x), and we obtain the last expression
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of (49) in the analysis of CP breaking. In this setting, we use the transformation
rules of C, γ0-parity P and CP for the chiral components of charged leptons and
neutrinos in a uniform manner, in particular, the CP transformation
lL(x)→ −γ0ClLT (t,−~x), νL(x)→ −γ0νLT (t,−~x), (50)
although some of them are broken. The absence of the fermion number symmetry
in the neutrino sector (38) accounts the possible increase of the CP violating phases
with the Majorana neutrinos [18]. This formulation (49) appears to be a natural
one in the actual analysis of the CP symmetry with the γ0-parity. Physically, this
formulation is equivalent to the case of the iγ0-parity convention in (25) in the
analysis of CP breaking induced by UPMNS.
The entire weak interaction is thus described by the chiral component νL(x) using
its CP property defined by the γ0-parity. The Majorana neutrinos characterized
by the CP symmetry retain certain information of their original chiral contents,
for example, the parity by itself is not specified in the present characterization of
Majorana neutrinos (P-parity is not specified but CP-parity is specified instead).
The fact that the neutrino is a chiral projection of the Majorana fermion is assured
by νˆL(x) = [(1 − γ5)/2]ψ(x) = eiπ/4νL(x) and (42) which contains the classical
Majorana identity (40).
If one wishes to define the parity and charge conjugation operators valid for the
Majorana neutrino (39) in the present formulation, it is possible to define a deformed
symmetry generated by [16, 7]
CM = 1, PM = PC, (51)
which is a symmetry of (38) and
CMψ(x)C†M = ψ(x), PMψ(x)P†M = −iγ0ψ(t,−~x). (52)
The non-trivial part of this deformation is the CP symmetry and in this sense, this
deformation is essentially equivalent to the formulation of the Majorana neutrino
with PC = PMCM described above. The classical Majorana condition ψ(x) =
Cψ(x)
T
, that determines if a given fermion is a Majorana fermion or not, carries
the same physical information as the trivial operation CMψ(x)C†M = ψ(x) applied to
the fermion ψ(x) which is assumed to be the Majorana fermion ψ(x) = Cψ(x)
T
.
The formulation (52) with a deformed symmetry leads to a formal enhancement
of discrete symmetries in (38) by assigning C and P to the chiral component νˆL(x) =
(1−γ5
2
)ψ(x) = eiπ/4νL(x) in (46),
CM νˆL(x)C†M = νˆL(x) = CνˆR
T
(x),
PM νˆL(x)P†M = −iγ0νˆR(t,−~x) (53)
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where we defined νˆR(x) ≡ (1+γ52 )ψ(x) = CνˆL
T
(x), and
CM νˆR(x)C†M = CνˆL
T
(x), PM νˆR(x)P†M = −iγ0νˆL(t,−~x). (54)
These transformation rules are mathematically consistent and imply perfect left-
right symmetry expected for a Majorana fermion ψ = νˆL + νˆR.
These rules (53) and (54) may be compared to the rules in (12). The physical
degrees of freedom of a Majorana fermion ψ = νˆL+ νˆR are the same as either a left-
handed chiral fermion or a right-handed chiral fermion but not both, contrary to
the case of a Dirac fermion in (12) where the left- and right-handed components are
independent. If one measures the left-handed projection of the Majorana fermion ψ,
for example, one obtains the chiral freedom νˆL and simultaneously the information
of νˆR also.
3 Discussion and conclusion
We have demonstrated the physical equivalence of γ0-parity and iγ0-parity in the
description of emergent Majorana neutrinos formed from chiral fermions using Wein-
berg’s model of neutrinos in an extension of the Standard Model. In this analysis,
the characterization of the emergent Majorana neutrinos by the CP symmetry plays
an important role. We can describe the model for two different definitions of parity
by the same physical parameters M and UPMNS, which are fixed by experiments,
using the chiral fermion νL(x) or νˆL(x), which is defined as a chiral component
such as νˆL(x) = [(1 − γ5)/2]ψ(x) of the Majorana field ψ(x). The analysis of CP
breaking using the two different definitions of parity is thus equivalent. It is known
that Weinberg’s model of Majorana neutrinos represent the essential aspects of the
general models of Majorana neutrinos such as the seesaw models [6, 9, 10, 11], where
two massive Majorana neutrinos generally appear and both of them may be charac-
terized by the CP symmetry. Our analysis thus justifies the use of either γ0-parity
or iγ0-parity in the analysis of the Majorana neutrinos in an extension of SM.
Theoretically, the two different parity operations are equivalent in the Standard
Model where the fermion number is conserved. The Standard Model deformed
by the lepton number violating neutrino mass term is still characterized by the
discrete symmetries C, P and CP in (12) or (30) after the diagonalization of the mass
term by a canonical transformation. Neither C nor P is a good symmetry in the
neutrino sector, but the combined CP symmetry is preserved as a good symmetry.
The technical reason why the γ0-parity and the iγ0-parity do not make a decisive
difference is that P is not a good symmetry in the present construction of Majorana
fermions from chiral fermions. On the other hand, the combined CP transform of the
14
emergent Majorana fermions is consistent with the classical Majorana condition, as
in (24) and (43), when one solves the defining equations of the Majorana fermions.
This explains why the definition of Majorana fermions formed from chiral fermions
by the CP symmetry works for either form of parity operation, by resolving the
strictures implied by the original Majorana conditions (7) and (8).
It is also possible to reformulate the Majorana fermions defined by the CP sym-
metry using a formally deformed symmetry formed by CM and PM in (26) or in
(51), and it nicely illustrates some of the naively expected properties of the Ma-
jorana fermion and its chiral projections, as in (27) and (52). It is assuring that
the “parity” represented by PM is always the ±iγ0-parity to be consistent with the
classical Majorana condition, irrespective of the starting definitions of parity for the
basic fermions. It has been noted, however, that this formulation with the deformed
symmetry does not add new physical ingredients beyond the original definition of
Majorana neutrinos by the CP symmetry [7].
In connection with the deformed symmetry generated by CM and PM in (27), one
may consider another approach which may presumably be more common in neutrino
physics including the seesaw models [6, 9, 10, 11]. One may start with a simple
diagonalization of the given Lagrangian (15) without asking C and P properties of
the chiral fermion νL(x) by obtaining the Lagrangian (19),
L = νL(x)i 6∂νL(x)− (1/2){νTL (x)CMνL(x) + h.c.}
= (1/2){ψ(x)i 6∂ψ(x)− ψ(x)Mψ(x)} (55)
with
ψ(x) = νL(x) + CνL
T (x) (56)
which satisfies the classical Majorana condition ψ(x) = Cψ(x)
T
identically. It is
known that the essence of various seesaw models is covered by the above model
(55). After the considerations of several consistency conditions performed in [11],
for example, one arrives at the CP transformation law
(P˜C˜)ψ(x)(P˜C˜)† = iγ0ψ(t,−~x) (57)
thus agreeing with our identification (23). In the common treatment of Majorana
neutrinos in an extension of the Standard Model, it is customary to introduce a new
charge conjugation law for Majorana neutrinos in (56) [6, 9, 10, 11]
C˜ψ(x)C˜† = ψ(x) (58)
with
C˜νL(x)C˜† = CνL(x)T (59)
15
which has been named as the pseudo C-symmetry in [19, 20]. This rule may be
compared to the standard C symmetry CνL(x)C† = CνR(x)T in (12). It is also
possible to define the pseudo P-symmetry [7] by
P˜ψ(x)P˜† = iγ0ψ(t,−~x) (60)
with
P˜νL(x)P˜† = iγ0νL(t,−~x) (61)
which may be compared to the standard parity PνL(x)P† = iγ0νR(t,−~x) in (12).
One can confirm that the CP operator defined by P˜C˜ generates the desired CP
transformation in (57) and νL(x) → iγ0CνL(t,−~x). It may appear that C˜ and P˜
thus defined provide alternatives to CM and PM in (27).
A drawback to the pseudo C and P operators defined above is that they are not
operatorially consistent by noting νL(x) = (
1−γ5
2
)νL(x) [19, 20, 7]
C˜νL(x)C˜† = (1− γ5
2
)C˜νL(x)C˜† = (1− γ5
2
)CνL(x)
T
= 0,
P˜νL(x)P˜† = (1− γ5
2
)P˜νL(x)P˜† = (1− γ5
2
)iγ0νL(t,−~x) = 0 (62)
since CνL(x)
T
and iγ0νL(t,−~x) are both right-handed. The pseudo C and P sym-
metries cannot be substitutes for CM and PM in (27). It has been emphasized in
[7] that essentially the entire physics of Majorana neutrinos in an extension of SM
is described by the CP symmetry without referring to C and P separately and thus
the above operatorial inconsistency of pseudo C and P symmetry operators has not
been recognized in the past practical analyses of Majorana neutrinos [6, 9, 10, 11],
as long as the basic CP transformation law (57) is correctly chosen.
Finally, we make a brief comment on the parity operation for the “elementary”
Majorana fermion in (7) and (8), which motivated us to define the iγ0-parity but
has not played a direct role in the present analysis. It is instructive to recall the
construction of two Majorana fermions with a degenerate mass from a Dirac fermion
to understand the role of parity in Majorana fermions. One may start with
L =
∫
d4xψD(x)[iγ
µ∂µ −m]ψD(x)
=
∫
d4xψ+(x)[iγ
µ∂µ −m]ψ+(x) +
∫
d4xψ−(x)[iγ
µ∂µ −m]ψ−(x) (63)
with
ψ+ =
1√
2
[ψD(x) + CψD(x)
T
], ψ− =
1√
2
[ψD(x)− CψD(x)T ], (64)
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which satisfy the classical Majorana condition
Cψ+(x)
T
= ψ+(x), Cψ−(x)
T
= −ψ−(x) (65)
and the charge conjugation
Cψ+(x)C† = ψ+(x), Cψ−(x)C† = −ψ−(x) (66)
with CψD(x)C† = CψD(x)T = ψcD(x) and CψcD(x)C† = ψD(x). The classical Ma-
jorana condition and the charge conjugation condition agree in this special case.
Under the charge conjugation, the action (63) is invariant.
If one adopts the iγ0-parity PψD(x)P† = iγ0ψD(t,−~x), one finds
Pψ+(x)P† = iγ0ψ+(t,−~x), Pψ−(x)P† = iγ0ψ−(t,−~x),
PCψ+(x)C†P† = iγ0ψ+(t,−~x), PCψ−(x)C†P† = −iγ0ψ−(t,−~x), (67)
while if one adopts the γ0-parity PψD(x)P† = γ0ψD(t,−~x), one finds
Pψ+(x)P† = γ0ψ−(t,−~x), Pψ−(x)P† = γ0ψ+(t,−~x),
PCψ+(x)C†P† = −γ0ψ−(t,−~x), PCψ−(x)C†P† = γ0ψ+(t,−~x). (68)
The action (63) is invariant under both (67) and (68). But the difference is that
the iγ0-parity (67) maintains the two Lagrangians of Majorana fermions ψ+(x) and
ψ−(x) separately invariant in the action (63), while the γ
0-parity (68) interchanges
the two Lagrangians of Majorana fermions in the action (63). It is interesting that
the γ0-parity is represented as a doublet representation in both the decomposition
of a Dirac fermion ψD(x) into two Majorana fermions as in (68)
ψD(x) = ψ+(x) + ψ−(x) (69)
and the chiral decomposition as in (30)
ψD(x) = ψL(x) + ψR(x). (70)
If one would extract the first action for the Majorana fermion ψ+(x) or the second
action for the Majorana fermion ψ−(x) in the second line of (63) as a mathematical
model of a Majorana fermion, one would have to adopt iγ0-parity. In such a case,
one would need to give a physical meaning to the imaginary parity eigenvalues ±i 2.
I thank A. Tureanu for helpful comments. The present work is supported in part
by JSPS KAKENHI (Grant No.18K03633).
2It is customary to assign real eigenvalues ±1 to the parity operation and formulate the parity
selection rules based on them in the case of parity conserving interactions, such as in the charmo-
nium phenomenology. I thank J. Arafune for a helpful discussion on parity operation. See also
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